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Hamiltonian formalism of the DNLS equation with nonvanishing boundary value is developed by 
the standard procedure. 



I. INTRODUCTION 



Oh 

in 



From the general view point, the complete integrability of a nonlinear equation means it describes a multi-periodic 
system, that is, a Hamiltonian system with action-angle variables as canonical conjugate variables^. In the case of 
complex field equation, such as NLS equation, one can introduce field density and its canonical conjugate momentum 
^v^j ' density in usual sense. For real equation, such as KdV equation, to formulate Hamiltonian formalism it has been 
introduced an alternative form of Poisson bracket for real field densities at two points^. Furthermore, the time- 
dependence of angle variables derived from its poisson bracket with action variables must be same with that derived 
from the inverse scattering transform, which has not been paid much attention to. 

The derivative nonlinear Schrodinger (DNLS) equation was proposed to describe nonlinear Alfven waves in 
plasma 4 *^. In the case of vanishing boundary, it was solved by the inverse scattering transform(IST)&, or other 
approaches'^. And the complete integrability of it was shown by Kundu in Ref. [10] through r-s matrix formalism, 
i— |" In the other case of non- vanishing boundary, the DNLS equation was discussed by some authors in terms of the 
usual spectral parameteniiii^. The multi-value problem of square root appears, and then the Riemann surface has 
to be introduced, which leads to complexity and ambiguity in the derivation. As a result, the affin parameter is 
introduced to clarify the multi- value problemi2iiiii£, based upon which the Hamiltonian formalism of DNLS equation 
with non-vanishing boundary condition can be formulated naturally. We perform it in this work, and the effect of the 
linear coordinate transformation on the Hamiltonian theory is shown. 
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> ' II. POISSON BRACKET 

in ' 
vo 
o 

q iu t - u xx + i(\u\ u) x = 0, (1) 

*o ■ 

where u is complex and \u\ — > p in the limit of x — > ±oo. Now a particular form of Poisson bracket is proposed 



The DNLS equation with non-vanishing boundary condition (DNLS + equation) is generally expressed a: 



For two quantities Q, R, the Poisson bracket is 



{u(x),u{y)} = -{d x -d y }8{x-y). (2) 



{Q,R} = f [ dxdy( *Q ™ {u(x),u(v)}+ ^^ {«W,«(y)}). (3) 
J J \du{x) Su(y) 5u{x)ou(y) J 



Integrating by part, eq.© becomes 



f SQ \ SR 6Q f SR 1 

1 x Su(x)j Su(y) Su(x) \ x 5u(y) J 



„ 6Q [ jr_ JQ_( a _ v 

x 8^x)jSu(y) 5W)\ Su (y)P 



Thus the Hamiltonian equation is obtained 



Ut(x) = {H, u(x)}, H= I dxTL(x), 7i(x) — — | | 4 — iu x u. (5) 
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III. LAX PAIR 

The first one of Lax equations is 

d x F(x,t,X) = L(x,t,X)F(x,t,X), (6) 
where A is spectral parameter. L is a 2 x 2 matrix 

L = — iA 2 (T3 + AC/, £/ = UCT-f. + iter_, (7) 

where 



1 A (0 

J ' ~ I 1 



(8) 



and C is an auxiliary parameter such that 



A = ^(c + P 2 r 1 ), « = ^(c-P 2 r 1 ). (9) 

As the asymptotic free Jost solution is E(x, Q = (I + pC i a-i)e~ %XKXC ' 3 , we define the Jost solutions 

* (x, = $(x, C), 1>(x, 0) -» £(x, C). as x - oo, (10) 
$(x, C) = C), 0) Q~V)£(z, C), as z -> -oo, 

where <5(a) = e l ^ Q<T3 . Then the monodramy matrix T(X) is given by 



r(c) = *- 1 (^, CMx,o, T (0 = (^j~$), (li) 



From (|10|l . a(C) can be analytical continued into the first and the third quadrants and 5(C) the second and the fourth 
quadrants. The continuous spectrum is composed of real C 2 , that is composed of real £ and of imaginary C- 
Similar to NLS + equation, there are several reduction transformation properties 

$(x,0 = <j 1 iP(x,0, t{x,0=a 1( fi{x,0, (12) 

5(C) = a(C), 6(0 = 6(0- (13) 

and, under the transformation C — ► pC^ 1 , 

${x, p 2 ^) = ip-\^{x, 0, fa, P 2 C _1 ) = -ip-\fa C), (14) 

a(p 2 C- 1 )=a(C), 5(A _1 ) = -6(C). (15) 

in which the second ones of ljl3|l and (|15|l require Xk is real. 

And there are some reduction properties only of DNLS + equation, for example, since 

L(-0 = ff S L(0ff3, (16) 

we have 

T(-0 = ^T(C)<X3, (17) 

that is 

o(-0 = o(0, 6(-C) = -6(C). (18) 
Since a(A) is assumed to have N simple poles in the 1st and 3rd quadrants, a(X) can be expressed asi 

( A) = S p Wr Foe I ' (19) 

where the integral contour T = (0, +oo) 1J(0, — oo) (J(+ioo, 0) (J(— ioo, 0) along the real and imaginary axis. 



IV. POISSON BRACKET FOR MONODRAMY MATRIX 



Since d x det %f(x, C) — and d x dct C) = 0, we have 

det*(a;,C) = det$(z,0 = det-B(a;,C) = 1 - p 2 <T 2 , 

and thus 

detT(C) = l, 0(05(0-6(06(0 = 1, 



T -i (n _ f a(0 -6(0 \ 



and so on. 

From the Lax equation eq.©, one obtains 

Introducing the usual direct product <8>, the Poisson bracket of the monodramy matrix is defined as 

{T(0 ® T-\C)}ij,u = {T(0ij,T-\aki} 
Substituting eqs.(??)~(??), the explicit expression of eq. (J23I> is 

{T(0 ® T-^C')} = -\ J dx^- 1 (x,0^-H^C')R^(x,(;mx,C) 

where 

R = - (i2\ 3 <r+ - A 2 uer 3 ) <g> (AV_) - (Aa+) <gs (i2A' 3 cr_ + A /2 ucr 3 ) 
+ (i2A 3 cr_ + A 2 ucr 3 ) ® (AV + ) + (Acr_) ig) (i2A' 3 (T + - A' 2 uct 3 ) . 

Ea. (125(1 is expressed in matrix with row {i'l'} and column {j'm'} 

-A 2 A'w AA' 2 u 

-A 2 A'u i2A 3 A' + i2XX' 3 -\\' 2 u 

XX' 2 u ~i2X 3 X' — i2XX' 3 A 2 A'w 

-AA' 2 u A 2 A'u 

V. ANOTHER DIRECT PRODUCT FOR POISSON BRACKET 

In the usual method to formulate Hamiltonian theory, one considers 1 

where another direct product ®' is introduced 

B tj = (A <g>' B) 

From the first Lax equation, ea.^27p becomes 

*- i (0{i(O - now) ®' *- 1 (o*(o + * _1 (o*(0 ® ; s-^owo - homo 

that is 

y-\x, 0* _1 (s, ?)W *(x, 0*(i, C) 

where 

W = i(A 2 -A' 2 ){ ( j 3 ®'/-/® , ( T 3 } 

-(A - A>{cr+ ®' 7 - J ®' CT+} - (A - A')w{cr_ ®' 7- 7®' cr_}. 
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Eg. (|31|l may be written in the matrix form explicitly 

V> (X-X')u \ 

(32) 



-(A-A')it (A-A')u 

(X-X')u i2(A 2 -A' 2 ) -(A-A')u 

-(X-X')u -i2(A 2 -A' 2 ) (A-A')u 

(X-X')u -(X-X')u 



It is obvious that eci. (|32[l is not proportional to ea. (|26[) . which means other expression is necessary to construct the 
Hamiltonian formalism. 
Considering 

d x (iV-^QvaVtf)} ®' {^(Os^C)}) , (33) 

it is equal to 

y-^OWsHC) - i(C)o-a}*(0 ®' <f- 1 (C')^ 3 <f (C) (34) 

+*- 1 (C)a 3 vf (C) ®' ^-^O^siCO - L(C>3}*(C). 
also from the first Lax equation. Similar to l|3U|) . i|34[l may be written in the form 

y-\x, O^ix, C)W 3 $(x, C)*(x, C') (35) 



where 



explicitly 



Wj, = i(A 2 -A' 2 ){/(g)'(73-CT3®'/} (36) 
+ (A + X')u{(T + <g>' (J 3 + erg <g>' <7 + } - (A + A')w{cr_ ®' cr 3 + o- 3 ®' <7_}, 



/ (A + A> (A + A> 

-(A + A')u -i2(A 2 -A' 2 ) -(A + A')u 

-(A + A')u i2(A 2 -A' 2 ) -(A + A')u 

V {X + X')u {X + X')u 



Defining 



there should be 



A Q = lim y-\xX)o a *{xA')®' ®~\xA')a a <b(xX)\ X - L _, (38) 



(37) 



{T(C)?r- 1 (C')} = /oAo + /3A 3 (39) 

where two constant coefficients fo and f 3 are introduced, that is, fn (|32|l + (|37|l = (|26() . Comparison between the 
corresponding elements of matrices in two sides yields 

- (A - A')/o + (A + A')/ 3 = A 2 A', (A - A')/o + (A + A')/ 3 = -AA' 2 . (40) 

It is found 

1 yy> X + X ' t 1 ^^> X - X ' 

/0 = -fc' /3= 2 AA AT^- (41) 



VI. EXPLICIT EXPRESSION OF POISSON BRACKET OF MONODRAMY MATRIX 

Finally the Poisson bracket {T(A) ® T^A')}, i.e., 

/ {a, &'} -{a, 6'} {6, 5'} -{6,6'} \ 

-{a, 6'} {a, a'} -{6,6'} {6, a'} 

{6,5'} -{6,6'} {5,5'} -{5,6'} 

V -{b,b'} {6, a'} -{5,6'} {5, a'} / 



(42) 
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is equal the sum of (??), (??) and (??), for example 

r un l ^^ l \ XX '-P 2 X + X ' AA' + p 2 A - A' 1, 

{a > b } = 2 1 J A-A' + .O + A + A' + »o ) ab (43) 



and 



r- un 1 ^^>^ XX '-P 2 X + X ' AA' + p 2 A - A' 1 , 

As C is pure imaginary, i.e. ( = 277, noticing £(177) = S(rj), we have also the same results with ()43|l and (|44|) . 



VII. ACTION-ANGLE VARIABLES IN CONTINUOUS SPECTRUM 

From the inverse scattering transform, a(C) and a(C) are independent of t, and 6(C) and 6(C) depend on t. And 
noticing the reduction transformation properties (|15|l . and (|18f) . we may restrict ourselves to consider C, C' > p. Thus 
from g3J) and there is 

{|a(C)| 2 , 6(C)} = ^2AV|a(C)| 2 6(C)(l - /^CT^C - C) (45) 
Angle variable Q(C) and action variable P(() are chosen, respectively, to be 

Q(C)=arg&(C) = ilngg, P(C) = F(|a(C)| 2 ) (46) 
Zl o(,C) 

such that 

{P((),Q(C)} = -5(t-C) (47) 

where the unknown function F is to be determined by l|45|) . 
Substituting (|45|) into (|47|l . it is easy to find 

F'(KC)| 2 )2A 3 ^HC)| 2 (1 - p'C 2 )- 1 = 1 (48) 
Thus the action variable P(C) is chosen as 

P(C) = F(|a(C)| 2 ) = 1 ~^" 2 ^ KC)| 2 (49) 



VIII. ACTION-ANGLE VARIABLE IN DISCRETE SPECTRUM 



From inverse scattering transform we know that A„, zero of a(A), is independent of time, and b n is dependent on 
time periodically. Hence we need Poisson bracket of Cm with 6„, and of them with a(C) and 6(C)- From l|19|) and 1451) 
we obtain 

(50) 

If C = Cm, then Am = ReCm is real, A m — A' + iO ^ and X m + A' + iO ^ since A' is real. The right hand side indicates 
A m is not a pole, that is, {Cm, °(C')} = 0- Similarly, we have {Cm, = 0. Then by the standard procedure, similar 

to H5Ufl . we have 

n i , \ " ( {Cm,6„| {CmAJ\ , A + A» AA» - p 2 1 A - A» AA» + p 2 1 ) 

{lna(C ,6„}+ > — — — — =o n < XX n — — + AA„ — )■ (51) 

„ V C - Cm C - Cm J I 2 kk„ A - A n 2 kk„ A + A„ J 

The right hand side has a pole at C = Cn, noting that A — A„ = ^(( — C«)(l ~ P 2 C _1 Cn *) we obtain 

{Cm,6„} = -2A3(l- P 2 C 2 )- 1 6„ ( 5 m „ (52) 



= HC) { 



AA 



, A + A' AA' - p 2 



1 

' A - A' + iO 



AA 



, A - A' AA' + p 2 



1 

' X + X'+iO 
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This result is similar to that of the Hamiltonian theory for other nonlinear equations, but there is something different 
because Cn 7^ p £~ , that is, C — C„ is not a factor of A — A„, which means 

{Cm,M = (53) 

Furthermore, we have also {a(C), Cm} = and {Cn, Cm} = 0- 
In the discrete spectrum case, the angle variable is 

Qn = ln6„ (54) 

and the action variable is assumed to be P m = G(Cm), where G is an unknown function. The Poisson bracket of them 
must be {P m ,Qn} = —S mn , and then, noticing l|52l) and l|54|l . we have 

G'(Cm)2A^(l- P 2 C m 2 )- 1 = l (55) 

We thus obtain 

Pm = G(U) = ~^ (56) 

IX. CONSERVATIVE QUANTITIES 

Since the first one of the Lax pair of DNLS + equation is the same as that of NLS + equation, the conservative 
quantities are the same. We have 

M0 = ? ^§)-^« 

Since a(C) is a constant in time, all terms in expansion of CI — » 00 are constant, for example, 

/ = £21n^ + l / <iln|a(C')| 2 (58) 

h = £(C™ - Cn) + ~ I <C'mKC')| 2 (59) 

m M 

etc., where we have taken account of |a(C)| 2 = a (~C)| 2 an d the condition that —Cm is a zero of a(C) as long as Cm is 
a zero of a(C), see JT^J. The Hamiltonian is assumed to be 

H = il 2 ~ ir}h = E ^(Cm ~ C) - 2^(111 C™ - InCn)] + - [ dC'CC - 7?^)ln|a(C')| 2 (60) 

where the contour T + is along the 1st quadrant, and 7/ is a real constant we shall determine. The integral domain 
(0, p) can be transformed to (p, 00) by C' — * p 2 C' > t ne integral part is now given by 

H mt = -( dC , f(C'+p 4 C'" 3 )-27 ? C'- 1 }ln|a(C')r iW) 



From l|45|l the Hi nt must involve a factor (1 — p 2 C' 2 ), it is easily seen that if and only if 77 = p 2 the factor in bracket 
can be factored as 

(C + A'~ 3 ) - 27/c'- 1 = (c - p 2 c' _1 )(i - P 2 r 2 ) (62) 

In this choice we obtain from l|45|l 

{H int ,b(Q} = -iiX 3 K b(0 (63) 

From eqs.lO and ijSl?)) . we have 

{H dis , b n } = -i4X 3 n K n b n (64) 
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where Hdi S is the summation part. From eas. (|63|l and (|64|l . there are 

b(t, C) = b(0, C)e l4A3Kt , b n (t) = 6„(0)e l4A " K "* (65) 
In such a choice, the second one of the Lax pair should be 

M = -i2\ 4 a 3 + 2X 3 U - iX 2 (U 2 - p 2 )a 3 + XU(U 2 - p 2 ) - i\U x a 3 (66) 
which is different from the usual form. As a result, the compatibility condition gives 

iut - u xx + i[(\u\ 2 - p 2 )u] x = (67) 
which differs from the usual form of the DNLS + equation 0) by a Galileo transformation 

i' = i, x' = x - p 2 t (68) 
Correspondingly, different from eq.(|SJ), here the Hamiltonian density is chosen as 

H(x) = i(|u| 2 - p 2 ) 2 - iu x u (69) 

Thus we formulate the complete Hamiltonian theory for the DNLS equation with non-vanishing boundary condi- 
tions. At the end, the linear Galileo transformation is introduced to take the time dependence of Angle variables 
derived from its Poisson bracket with the Hamiltonian compatible with that derived from the second Lax equation. 
Such a transformation is also beneficial to the procedure of solving the DNLS equation, which should be shown in the 
following work. 
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